We consider an open system near a quantum critical point that is suddenly moved towards the critical point and investigate its non-equilibrium dynamics after the quench. In an intermediate time regime we identify and determine a critical exponent, not related to equilibrium exponents, that describes universal prethermalized dynamics. We discuss the implications of this quantum critical prethermalization for the dynamics of the order parameter and response functions. Our results demonstrate that quantum quenches are efficient tools to manipulate and study the universal nonequilibrium dynamics of quantum many-body systems.
Predicting the out-of-equilibrium dynamics of quantum many-body systems is a challenge of fundamental and practical importance. This research area has been boosted by a number of recent experiments in cold-atom gases [1] and scaled-up quantum-circuits [2] , by ultra-fast pump-probe measurements in correlated materials [3, 4] , and even by performing heavy-ion collisions that explore the quark-gluon plasma [5] . In this context, the universality near a quantum critical point (QCP), well established in and near equilibrium, comes with the potential to make quantitative predictions for strongly interacting systems far from equilibrium. For example, the quantum version [6] [7] [8] [9] [10] of the Kibble-Zurek mechanism of defect formation [11, 12] was developed for systems driven through a symmetry breaking QCP at a small, but finite rate. Similarly, near a QCP the long-time dynamics after a sudden change of Hamiltonian parameters, is governed by equilibrium exponents [13] . These phenomena occur in the regime of longest time scales.
Recently, however, many physical systems were identified which display novel dynamical behavior on intermediate time scales, a behavior often referred to as prethermalization [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . The question arises whether one can expect universality with new critical exponents during prethermalization near a QCP. Such exponents would govern the non-equilibrium dynamics soon after a quantum-quench, where initial correlations are still important, and should therefore not be related to equilibrium exponents. Since universality is usually reserved for large time and length scales, it seems counterintuitive to expect it at shorter times. On the other hand, such behavior is known to emerge near classical phase transitions [24, 25] and is closely related to the problem of boundary layer universality as it occurs near surfaces and interfaces [26] . Here, the boundary layer would correspond to a "surface in time" [27, 28] .
In this Letter, we show that the time evolution of observables in an open system that is suddenly moved to a QCP displays universal behavior. Their dynamics is governed by a new critical exponent. Such quantum critical prethermalization is a rare example of universal dynamics in a quantum system far from equilibrium. It opens up the opportunity to probe the universality class of a quantum system by quantum-quench experiments and, as we will show, to manipulate the crossover from prethermalization to thermalization. While there are important differences between classical and quantum quenches, the analysis of this paper was motivated by the pioneering 4 -field theory, coupled to a bath of harmonic oscillators held at zero temperature. The quantum quench corresponds to a sudden change r0,i → r0,c right to the QCP. (b) Schematic phase diagram of the system as a function of temperature T and mass δri = r0,i − r0,c. It contains a symmetry broken ( ϕ = 0) and unbroken ( ϕ = 0) phase, which are separated at T = 0 by a QCP at δri = 0 denoted by C. Red arrows describe the quench protocol. Inset distinguishes three time regimes: very short times t < tγ with non-universal dynamics, the universal prethermalized regime γ −z/2(z−1) = tγ < t < δr −νz/κ i that we study, and a long-time regime t > δr −νz/κ i where dynamics is described by equilibrium critical exponents. (c) Closed time contour including branch along imaginary time τ leading to initial correlations at t = 0 between system and bath in equilibrium.
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The quench protocol that underlies our analysis is indicated in Fig. 1(a-b) . We consider a quantum manybody system that is coupled to an external bath of harmonic oscillators. Prior to the quench, the complete system is prepared in the T = 0 ground state |Ψ i of the initial Hamiltonian H i = H s,i + H b + H sb . Here H s,i is the initial Hamiltonian of the system, H b describes the external bath and H sb the coupling between system and bath. Next, we suddenly switch a parameter in the system Hamiltonian H s,i → H s in such a way that the ground state of the full Hamiltonian H = H s + H b + H sb is located right at a QCP (see Fig. 1(b) ). The time evolution after the quench is governed by the new Hamiltonian |Ψ (t) = e −iHt |Ψ i . The bath ensures that the system equilibrates at T = 0, which allows reaching the QCP for t → ∞.
We consider a N -component scalar quantum field ϕ (x, t) with components ϕ a (a = 1 · · · N ), that is coupled to a collection of harmonic oscillators representing the bath. The initial Hamiltonian of the system is
The quench corresponds to suddenly changing r 0,i → r 0,c to its value at the QCP. The distance to the critical point before the quench is δr i = r 0,i − r 0,c . In Eq.
(1) π is the canonically conjugated momentum to ϕ. The Hamiltonian H s,i describes a transverse-field Ising model for N = 1, systems near a superconductinginsulator quantum phase transition, Josephson junction arrays and quantum antiferromagnets in an external magnetic field for N = 2, or quantum dimer systems for N = 3 [29] . The oscillator bath is described by
The effects of the bath can be described in terms of the spectral function
Here we consider
with damping coefficient γ and cut-off energy ω c . The exponent α determines the low-energy spectrum of the bath, where we consider ohmic (α = 1) and sub-ohmic ( 1 2 < α < 1) damping. Possible applications are dissipative superconducting nanowires [30] , the superfluidinsulator transition in cold-atom gases coupled to other bath-atoms [31] , or low-dimensional Heisenberg spindimers or transverse field Ising spins with strong quantum fluctuations and coupling to phonons.
To analyze the non-equilibrium dynamics we use the Keldysh formalism of many-body theory [32] . To prepare the full system in the ground state of H i , the Keldysh contour is deformed as indicated in Fig. 1(c) [33] . It consists of a branch on the imaginary axis, governed by the Hamiltonian H i , and the usual round trip contour on the real axis with Hamiltonian H. The quench corresponds to the passage from the equilibrium dynamics along the imaginary time axis to the horizontal non-equilibrium time evolution.
We start with general scaling arguments for the nonequilibrium dynamics after a quench towards the critical point. The scaling behavior will be confirmed using a perturbative renormalization group (RG) analysis later in the paper and a large-N analysis summarized in the supplementary material. For the full retarded response function G R and the Keldysh correlation function G K (we use the notation of Ref. 32) one expects from dimensional arguments
where k denotes momentum, z the dynamic critical exponent. Within the one-loop RG analysis of this paper, it follows immediately z = 2/α with bath-exponent α.
In an out-of-equilibrium state the correlation and response functions depend on both time variables. This gives rise to an additional dimensionless ratio t/t compared to scaling in equilibrium. The singular dependence on this ratio in G R and G K is characterized by exponents θ and θ , respectively. The scaling functions f R and f K depend only weakly on t /t if t t . Let us motivate the emergence of the exponents further: at time t after the quench from a non-critical initial state one expects correlations are limited by the length ξ (t) ∝ t 1/z . This gives rise to a mass r (t) = γa/t 2/z in the propagator with dimensionless coefficient a. A straightforward perturbation theory in a that includes scattering due to a time-dependent mass yields for t t :
and the bare Green's function G R 0 given in Eq. (6) below. Exponentiation of the logarithm leads to Eq. (3). A similar analysis for
z . In what follows we use a momentum-shell RG approach to sum up these logarithms in a controlled fashion and determine the exponents θ and θ . Our analysis proceeds in two steps. First, we determine the retarded and Keldysh Green's functions G R 0 (k, t, t ) and G K 0 (k, t, t ), subject to a quench in the non-interacting limit (u = 0). These bare Green's functions will, in the second step, be used to develop the RG analysis.
Bare response and correlation functions.-In distinction to the equilibrium case, the non-interacting problem far from equilibrium is nontrivial in its own right. Integrating out the bath degrees of freedom leads to long-time correlations causing memory effects that couple events long before and long after the quench (see Fig. 1(c) ). Despite the quench, the bare retarded Green's functions G R 0 (k, t, t ) on the round trip contour only depends on the time difference t − t between two events. For the Fourier transform follows the same result as in equilibrium
Here, we consider the hierarchy of scales ω c Λ t
such that the dynamics is dominated by the bath for t > t γ . The information about the quench is contained in the Keldysh function G K 0 that we express in terms of a memory function M (k, t, t ):
This is the out-of-equilibrium version of the fluctuationdissipation theorem for our quench protocol. We determine M (k, s, s ) by solving the Heisenberg equations of motion of the field operators ϕ (k, t) and computing
This is achieved via Laplace transformation and we find
The t = 0 initial values π 0 (k) and ϕ 0 (k) are determined by the pre-quench dynamics and
is the operator of the bath-induced force. It contains the bath oscillator coordinate and momentum operators at the initial time t = 0: X 0l and P 0l . It follows that the two-time Laplace transform of the memory function is given by the force-force correlation function
For a classical critical system, the dynamics is determined entirely by the bath, which exerts random Langevin forces, the classical limit of ξ (t), on the system. In contrast, the quantum dynamics must respect the Heisenberg uncertainty relation, reflected in the initial value of the operators ϕ 0 , X 0l and their canonically conjugated momenta π 0 , P 0l in the force operator F (k, ω). The mentioned long-time correlations between pre-and post-quench dynamics, indicated in the Keldysh contour in Fig. 1(c) , correspond to mixed terms like (−i [π a (k) , ξ a (−k, ω )] + ) in the memory function M . Of the numerous terms that emerge, many have contributions that diverge in the limit ω c → ∞.
A straightforward but rather tedious analysis yields that all divergencies cancel and the memory function
Here, the index i refers to the retarded and the Laplace transform of the Keldysh Green's function G
(k, ω) of the system in equilibrium before the quench. Without quench one recovers after a few steps that G K 0 (k, t, t ) in Eq. (7) indeed takes its equilibrium value, obeying the fluctuation-dissipation theorem. In the classical limit we obtain known results for an ohmic [24] and an sub-ohmic bath [25] .
Renormalization group approach.
-We now perform a momentum-shell RG approach. In full analogy to the equilibrium case we integrate out states in a shell with momenta Λ/b < k < Λ with b > 1 and rescale fields, momenta and time variables according to ϕ a (k , t ) = b
ϕ a (k, t), k = bk, and t = b −z t to achieve selfsimilarity. The small parameter controlling the calculation is the deviation from the upper critical dimension = 4 − d − z. The mass δr i in the initial Hamiltonian is a strongly relevant perturbation and rapidly flows to large values. For the mass renormalization after the quench follows at one-loop
where > refers to momenta inside the shell. The time dependence of the mass term is a consequence of the broken time translation invariance. For a similar analysis of classical surface criticality, see Ref. 34 . We replace δr i and the dimensionless coupling constantû
. From Eq. (11) we obtain a differential equation for the time-dependent fixed-point mass r * (t):
The scaling function f 
Here, a denotes the integration constant of the fixed-point equation. Since the system equilibrates, we obtain f
, where f K eq describes the equal-time Keldysh function in equilibrium after the quench. For a perturbative RG analysis a long range decay of the mass parameter cannot emerge. We can therefore use that r * (t) approaches the equilibrium value of the fixed-point for times t > t 0 to fix the integration constant a:
Once we determine the coefficient a, the exponents θ and θ follow from Eq. (5). In the Supplemental Material we show that Eq. (14) can alternatively be obtained from a self-consistent large-N theory.
In order to determine a we use G K 0 (k, t, t) from Eq. (7), employ Eq. (3) to obtain the scaling function f K 0 (x, 1) and evaluate the integral in Eq. (14) . For an ohmic bath with α = 1, i.e. z = 2, we find a z=2 = − N +2 N +8 4 , which yields with Eq. (5) the exponent [35] 
For a bath with colored noise, we determine the exponent numerically. Our results are shown in Fig. 2 . We find a maximal value for θ in the slightly sub-ohmic regime while θ(z → 4) → 0 since > 0 requires at least z < 4. Let us discuss some implications of this result and consider a scenario where the initial state is characterized by a finite order parameter ϕ i (path A → C in Fig. 1(c) ). As pointed out before, a region of size ξ (t)
d is correlated at time t after the quench and Eq. (3) yields for the local, i.e. momentum averaged, correlation function
The initial order parameter ϕ i polarizes the system for a certain time. The magnetization at time t is then ϕ i multiplied by the local correlation function up to t and the size of the correlation volume, i.e. ϕ (t)
where we used θ = θ − 2−z z obtained above and η = O 2 . The exponent θ thus determines the universal out-of-equilibrium dynamics of the order parameter. If the correlation volume grows faster than the local correlations decay, θ > 0, and the magnetization rises after a quench to the critical point (see Fig. 2(a) ).
The time dependence of the order parameter can also be rationalized using crossover arguments [26] . With initial value δr i and associated scaling dimension κ follows for the non-equilibrium magnetization
with universal function Φ (y). As indicated in Fig. 2(a) , the magnetization decays to zero in the long time limit t t * = δr at the crossover between the prethermalized regime and equilibration, our result θ > 0 implies κ > 1. Thus, for small δr i follows ξ (t * ) ξ i . The correlation length collapses after the quench and does not reach its pre-quench value during prethermalization. The growth of the order parameter ∝ t θ is thus caused by the recovery of locally ordered regions after this collapse. Since the crossover time t * diverges for weak quenches, an almost critical system, subject to a sudden change of its parameters, undergoes a universal out-of-equilibrium dynamics for arbitrarily long periods of time. Our analysis was performed for a quench at T = 0 and right to the QCP. The universal behavior is unchanged, however, for finite but small temperatures T δr νz i /γ z/2 and post-quench distance to the QCP δr f δr i . In conclusion, we determined universal behavior that governs quantum critical prethermalization. The intermediate time dynamics of a system that is suddenly brought out of equilibrium and moved to a nearby QCP is characterized by a new exponent θ. This quantum critical prethermalization results from a collapse of correlations after the quench and extends over long times, depending on the initial distance from the critical point. Our results show that the universal dynamics far from equilibrium can be analyzed quantitatively and that a quantum-quench can be an efficient tool to manipulate and study quantum many-body systems near quantum critical points.
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Supplemental Material
Self-consistent large-N theory for θ By analyzing the limit of large-N , where N is the number of components of the quantum-field ϕ, we summarize an alternative approach to determine the non-equilibrium exponent θ. The approach is complementary to the renormalization group (RG) calculation presented in the main paper. Taking the limit N → ∞ in the RG calculation, valid for arbitrary N , we find that both approaches agree.
In the large-N limit, the set of coupled equations after the quench are:
The coefficient
results from the angular integration, = 4 − d − z determines the deviation from the upper critical dimension, and x = k z t/γ z/2 is a dimensionless integration variable. For Eq. (26) to be correct, the coefficient t /z in front of the integral must be cancelled by the time dependence that results from the upper cut-off λ = Λ z t/γ z/2 of the integration. For > 0, the integral converges for λ → ∞ and we can split the integration according to:
In order for Eq. (26) to be valid, it must hold that
and
with some dimensionless coefficient b. If these two conditions are fulfilled, it follows
where the second step is valid for large λ. Inserting this result into Eq. (26) the t-dependence on both sides of the equation is indeed the same. Comparing the coefficients, we obtain the self-consistency condition:
The remaining task is to determine the coefficient b of the long-time behavior of the correlation function, introduced in Eq. (28) . We determine this coefficient from the condition Eq. (27) in the limit of small . To this end we expand
From an analysis of the non-interacting Keldysh function follows that the slow decay in Eq. (28) must come from interaction corrections, i.e. b is at least of order .
To leading order in holds
with some constant C 0 that is of order unity. Since C 0 is determined for = 0 it can be obtained from the bare Green's functions. To fulfill the condition Eq. (27) , corrections of order in the correlation functions must accumulate to a correction of order unity in the integral over x (since x = k z t/γ z/2 the x-integration can be interpreted as a time-integration). This is exactly what follows from the slow long time behavior of Eq. (28), valid for x larger than some finite scale x 0 > 1:
The condition Eq. (27) now determines the coefficient
and we obtain, using Eq. (30):
Inserting at the critical point the fixed point value
for the interaction and using Eq. (24), we obtain an expression the exponent θ expressed in terms of f K 0 (x, 1), i.e. in terms of the bare Keldysh function G K 0 (k, t, t). This function must be determined using the non-equilibrium quench protocol described in the main paper. The key observation of this section is that the self consistent large-N theory is an alternative approach to determine θ and that Eq. (34) agrees with the RG result Eq.14 of the main paper in the limit N 1. Both calculations yield the same value for the critical exponent θ in the limit for large N .
Scaling limit and evaluation of the exponent
From the RG-analysis in the main paper or the large-N analysis of the supplementary section 1 follows that
with
and 
For the Keldysh function we obtained the result:
where the argument ω 2 0 = δr i + k 2 indicates that M is obtained from equilibrium Green's functions prior to the quench. δr i is a measure for the distance from the critical point for t < 0. Similarly, it holds that the equilibrium Keldysh function after the quench is given by
i.e. the expression that follows if the systen before and after the quench are in fact the same. If we introduce
it follows
We express the time-dependent retarded Green's functions via their expressions as function of frequency:
and obtain:
The integration over s and s yield the two-time Laplace transform δM (ω, ω ) of the memory function δM (t, t ), while the integral over t can be performed analytically:
It follows
Our explicit result for the memory function M ω, ω , k 2 is:
If we consider M ω, ω , ω 2 0 prior to the quench we simply replace k → √ δr i + k 2 everywhere in the last expression. G K 0eq (k, ω) is the Laplace transform of the bare Keldysh function in equilibrium:
Using the T = 0 fluctuation-dissipation relation
valid in equilibrium, it follows after a few steps of algebra that
This allows us to write:
M ω, ω , q 2 = − sign (ω) n ω, ω , q 2 + sign (ω ) n ω , ω, q
where we introduced:
These results yield δM (ω, ω ) = − sign (ω) δn (ω, ω ) + sign (ω ) δn (ω , ω) ω + ω + i0 +
where
Again, we use ω 0 when we consider the bare Green's function prior to the quench, i.e.
Here, we assumed that the ω 2 term in Eq.(6) of the main paper can be neglected for t t γ . The dynamics is then governed by coupling to the bath.
The retarded bath-self energy is given as
Inserting the expressions for G R 0 (q, ω) and G R 0 (ω 0 , ω) in δn (ω, ω ) we find: δn (ω, ω ) = −δr i − g (ω 0 , ω) −δr i − k 2 + η (ω) −δr i − k 2 + η (ω )
To proceed we need to perform the scaling limit δr i → ∞. It is useful to formulate these results in dimensionless variables. For the retarded function we have 
The first term gives 2 3π . In the second term we must perform one integral via principle-value integration and obtain 
